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Abstract. An asymmetric- RLL(di, fei, do, fcrj) system is a subshift of {0, 1} Z 
with run of 1 and restricted to S = [di, fcl] C N = N U {0} and S' = 
[do, fco] Q No respectively. We extend this concept to the case when S and 
S' are arbitrary subsets of No and we call it a (S, £')-gap shift. Moreover, 
for i = 1, 2, if Xi is a synchronized system generated by Vj = {v l cti : 
env l a.i £ S(-Xj),a» 2 v 1 } where on is a synchronizing word for Xj, then a 
natural generalization of (S, S')-gap shifts is a coded system Z generated by 
{v 1 aiv 2 a2 '■ v l cti £ V%,i = 1, 2} and called the intertwined system. We 
investigate the dynamical properties of Z with respect to Xi and Xi- 

Introduction 

Recall that the Run- length-limited (RLL) [11] and the Maximum Transition 
Run (MTR) constrained systems [13] are used to improve timing and detection 
performance in storage channels. In particular, the MTR code, introduced by 
Moon and Brickner [13], are to provide coding gain for extended partial response 
channels. The RLL code denoted by X(d, fc) limits the run of to be at least d and 
at most fc whereas the MTR(j, k) code limits the run of to be at most k and the 
run of 1 at most j. When there is no restriction on the runs of 0, we say that k = oo 
and it is common then to denote such a constraint by MTR(j). For generalizing 
MTR codes, consider the asymmetric- RLL (d\, ki, do, fco) constraint which is the set 
of binary sequences whose runs of l's have length between d\ and fci and the runs 
of 0's between do arL d fco. In the case that d\ = do = 1, k\ = j and fco = fc, 
this constraint coincides with MTR(j, fc). The 5-gap shifts in abstract symbolic 
dynamical system, may be considered as a generalization of the RLL codes when 
the run of is restricted to a subset S C NU {0}. In this note, we extend these 
concepts and introduce the (S, 5")-gap shifts as a generalization of S'-gap shifts on 
one side and also a generalization of the asymmetric- RLL(di , k\ , do, fco) constrained 
systems when the run of and the run of 1 are restricted to subsets of No, S and 
S' respectively. To be more specific, fix two increasing sets S and S' in No- Also 
let V = {v s = Q s l : s G S} and W = {v s > = l s '0 : s' G S'}. Then V and 
W generate two 5-gap shifts X(S) and X(S') and the coded system generated 
by U — {v s v s > : s G S, s' G S'} is called a (S, S")-gap shift and is denoted by 
X(S, S'). When S' = {0}, then X(S, S') will be 1(5+1). We will investigate 
some similarities and differences in dynamical properties of the 5-gap shifts with 
(S, S")-gap shifts and with respect to S and S' . 

Note that 1 (resp. 0) is a synchronizing word for X(S) (resp. X(S')). Also 
recall that a synchronized system X with a synchronizing word a is generated by 



2010 Mathematics Subject Classification. 37B10, 37B40, 37A25, 37C30. 

Key words and phrases. 5-gap shift, shift of finite type, sofic, almost-finite-type, synchronized, 
coded system, entropy. 

1 



2 



D. AHMADI DASTJERDI AND S. JANGJOOYE SHALDEHI 



{va : ava is a word in X and a %. v}. If Y is another synchronized system 
with a synchronized word /3 and a set of generators Wp = {w(3 : /3w/3 a word 
in Y and j3 % w), then a generalization for a (S, 5")-gap shift is a coded system 
generated by {vaw/3 : va £V a , w/3 G W/3}. We call this new system an intertwined 
system of X and Y. Dynamical properties of an intertwined system depend on a 
and j3; however, here, we are interested in those dynamical properties which are 
independent of the synchronized words. In fact, first we will study the intertwined 
systems and then will look for further properties of (S, S")-gap shifts that may not 
be held or considered by intertwined systems. In particular, we will give a formula 
for the entropy of a (S, S")-gap shift and will compute the Bowen-Franks groups 
when it is SFT. 

1. Background and Notations 

This section is devoted to the very basic definitions in symbolic dynamics. The 
notations has been taken from [11] and the proofs of the relevant claims in this 
section can be found there. Let A be an alphabet, that is a non-empty finite 
set. The full *4-shift denoted by A z , is the collection of all bi- infinite sequences of 
symbols in A. A block (or word) over A is a finite sequence of symbols from A. 
It is convenient to include the sequence of no symbols, called the empty word and 
denoted by e. If x is a point in A z and i < j, then we will denote a word of length 
j — i by xu t j] = XiXi+\...Xj . If n > 1, then u n denotes the concatenation of n copies 
of u, and put u a = e. The shift map a on the full shift A z maps a point x to the 
point y = <j(x) whose ith coordinate is = Xi+\. 

Let T be the collection of all forbidden blocks over A. The complement of T 
is the set of admissible blocks or just words in X . For any such A z , define Xjr to 
be the subset of sequences in A 2 not containing any word in T . A shift space is 
a closed subset X of a full shift A z such that X = Xjr for some collection T of 
forbidden words over A. 

Let B n (X) denote the set of all admissible n blocks. The Language of X is the 
collection B(X) — 1J^L B n (X). A shift space X is irreducible if for every ordered 
pair of blocks u, v 6 B(X) there is a word w G B(X) so that uwv G B(X) and it is 
totally transitive if o~ n is irreducible for all n G N where as is the shift map defined 
on X. It is called weak mixing if for every ordered pair u, v G B(X), there is a thick 
set (a subset of integers containing arbitrarily long blocks of consecutive integers) 
P such that for every n G P, there is a word w G B n (X) such that uwv G B(X). 
It is mixing if for every ordered pair u, v G B(X), there is an N such that for each 
n > N there is a word w G B n (X) such that wow G A word v £ B(X) 

is synchronizing if whenever w and iw are in B(X), we have uvw G 6(X). An 
irreducible shift space X is a synchronized system if it has a synchronizing word 
[5]. 

Let .4 and V be alphabets and A a shift space over .4. Fix integers m and n 
with m < n. Define the (m + n + 1) -block map $ : B m + n +i(X) — > T> by 

(1-1) 2/i = ®(Xi-mXi-m+l—Vi+n) = ^(^[i-m.i+n]) 

where is a symbol in 2?. The map <j> : A — > 2? z defined by y = <fi(x) with given 
by (2.1) is called the sliding block code with memory m and anticipation n induced 
by <fr. An onto sliding block code <j> : X — > Y is called a factor code. In this case, 
we say that Y is a factor of A. The map is a conjugacy, if it is invertiblc. 
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A shift space A is called a shift of finite type (SFT) if there is a finite set T of 
forbidden words such that X = X?. An edge shift, denoted by Xg, is a shift space 
which consist of all bi-infinite walks in a directed graph G. Each edge e initiates at 
a vertex denoted by i(e) and terminates at a vertex t(e). 

A labeled graph Q is a pair (G, C) where G is a graph with edge set £ , and the 
labeling £ : £ — >• .A A so/ic s/iz/f Xg; is the set of sequences obtained by reading 
the labels of walks on G, 

(1.2) Xg = {£oo(0:£e X G }=£ 00 (X G ). 

We say 5 is a presentation of Xg:. Every SFT is sofic [11, Theorem 3.1.5], but the 
converse is not true. 

A labeled graph Q — (G, C) is right-resolving if for each vertex / of G the 
edges starting at / carry different labels. A minimal right-resolving presentation 
of a sofic shift A is a right-resolving presentation of X having the fewer vertices 
among all right- resolving presentations of X. Any two minimal right- resolving 
presentations of an irreducible sofic shift must be isomorphic as labeled graphs [11, 
Theorem 3.3.18]. So we can speak of the minimal right-resolving presentation of 
an irreducible sofic shift A, which we call it the Fischer cover of X . 

Let A be a shift space and w G B(X). The follower set F(w) of w is defined by 
F(w) = {v G B(X) : wv G B(X)}. A shift space X is sofic if and only if it has a 
finite number of follower sets [11, Theorem 3.2.10 ]. In this case, we have a labeled 
graph Q — (G,C) called the follower set graph of X. The vertices of G are the 
follower sets and if wa G B(X), then draw an edge labeled a from F(w) to F(wa). 
If wa B(X) then do nothing. 

A labeled graph is right- closing with delay D if whenever two paths of length 
D + 1 start at the same vertex and have the same label, then they must have 
the same initial edge. Similarly, left-closing will be defined. A labeled graph is 
bi-closing, if it is simultaneously right-closing and left-closing. 

An irreducible sofic shift is called almost-finite-type (AFT) if it has a bi-closing 
presentation [11]. Since any sofic shift is a factor of an SFT, it is clear that an AFT 
is sofic. Nasu [15] showed that an irreducible sofic shift is AFT if and only if its 
minimal right-resolving presentation is left-closing. 

Set J 7 to be a finite collection of words over a finite alphabet A where each 
Wj G T is associated with a non- negative integer index rij . Write 

(1.3) r = { w ^\w<r\...,w$p ) } 

and associate with the indexed list J- a period T, where T is a positive integer 
satisfying T > maxjni, n^, n\j?\ } + 1. 

A shift space A is a shift of periodic-finite-type (PFT) if there exists a pair 
{J 7 , T} with | J 7 ! and T finite so that A = A^t} is the set of bi-infinite sequences 
that can be shifted such that the shifted sequence does not contain a word w™ J G T 
starting at any index m with m mod T — rij. A strictly PFT shift cannot be 
represented as an SFT. 

Let Q be the minimal right- resolving presentation of an irreducible sofic shift, 
p = pei(Ag) and Dq, D\,..., D p _i the period classes of Q. An indexed word = 
(wo,wi, ...,wi-i)( n ' is a periodic first offender of period class n if w G" UieD n Fg(I) 
but for all i,j G [0,1 - 1] with i < j and ^ w, w^j] G Uj eD( „ +i) awdp Fg(I). 
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An irreducible sofic shift is PFT if and only if the set of periodic first offenders is 
finite [ , Corollary 14]. 

Now we review the concept of Fischer cover for a not necessarily sofic system 
]. Let x G B(X). Then x+ = (xi)iez+ (resp. x_ = (xj)j<o) is called right 
(resp. left) infinite X-ray. For a left infinite X-ray, say its follower set is 
= {x+ G X + : x-x+ is a point in X}. Consider the collection of all 
follower sets cj+(x-) as the set of vertices of a graph X + . There is an edge from 
I\ to I2 labeled a if and only if there is an X-ray X- such that X-a is an X-ray 
and 1\ = ui+(x-), 1% = w + (.T_a). This labeled graph is called the Krieger graph 
for X. If X is a synchronized system with synchronizing word a, the irreducible 
component of the Krieger graph containing the vertex oj + (a) is called the right 
Fischer cover of X . 

2. Coded Systems 

A shift space that can be presented by an irreducible countable labeled graph is 
called a coded system. Equivalently, a coded system X is the closure of the set of 
sequences obtained by freely concatenating the words in a list of words, called the 
set of generators, over a finite alphabet [11]. A coded system is irreducible and has 
a dense set of periodic points [8] . Coded systems were introduced by Blanchard and 
Hansel [5] who also showed that the class of the coded systems is the smallest class 
of subshifts which contains the synchronized systems and is closed under factors [5, 
proposition 4.1]. A brief introduction to coded systems can be found in [] L, section 
13.5]. 

In a synchronized system X, for any synchronized word a = ai---a p , X is 
generated by 

(2.1) V = V a = {va G B{X) : ava G B{X), a % v}. 

Let Q — (G, L) be the right Fischer cover of X. We give another right resolving 
cover for X, denoted by Q a which is not necessarily follower-separated. Suppose 
v(a) is the unique vertex in V{G) where any path labeled a terminates at. Any 
other vertex v is shown by v(cra) where u is some path starting at v(a) and ter- 
minating at v. To be specific, we adopt the convention that if there is v! such 
that v(cra') = v(cm), then \u\ < \u'\. Fix I = v(cmi) G V(G) and assume that 
£1, the set of inner edges of /, has more than one element. This implies that by 
tracking the paths starting at v(a), there is another path m 2 , \u%\ > \ui\ such that 
I = v(cmi) = v(cra 2 ). Suppose u t = c il ■ ■ ■ Ci k .a\ ■ ■ ■ ai t G B(X), i = 1 or 2. We 
intend to do some in-split [11, §2.4] for v. If one of the following holds, then we do 
not do the splitting. 

(1) both o;i ■ • • ai ± and a\ ■ ■ ■ ai 2 are empty words; 

(2) ot\ • • ■ di x (resp. a.\ ■ ■ ■ a>i 2 ) is not empty word and • • • Cj fei ot\ ■ ■ ■ ■ ■ ■ a p = 
Cii" m °ik a (resp. Cjj • • • Ci k a) is not admissible; 

(3) cases (1) and (2) do not hold and l\ = fo- 

(1) and (2) say that if v is not a vertex on a path n a labeled a, then in-splitting 
will not be done. 

Now we set up to see which vertices on n a requires in-splitting and how this 
happens. Note that case (3) above excludes some cases. Set Qy = Q and let 
Vgi(q!i) = {/ G V{G\) : I = t(e ai ), e ai is the first edge labeled a% on a path 
labeled a}. For / G Vg 1 (q;i), partition £1 to Pj (a>i) — {ei : £(ei) = a%} and 
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Pf (oci) for the remaining edges. Do an in-split for / with respect to this partition 
and call the new cover Q2 = (G2, £2). 

Let VG 2 { a i a 2) = {I G V(G2) : / = t(e ai e a2 ), e Ql e Q2 be the first 2 edges with 
label a±a 2 of a path labeled a}. Partition £1, I G VG 2 ( a i a 2) to P}(a\a2) = \&2 '• 
t(e\e2) = I for some ex, £2(6162) = 0:1012} and Pj(a\a2) — £1 \ P}(a\a2). By 
the same procedure, Gk+i, -P/ («i«2 ■ ■ • oik), an d Pj (01O2 • ■ • oik), 1 < k < p will be 
constructed. Set Q a = Q p — (G p , £ p _i). Suppose in-splitting occurs at I G V(G&) 
and let £ 1 be the set of outer edges of /. Then corresponding to /, there are two 
vertices 1% and I2 in V(Gk+i) with £ ! = £ Tl = £ l2 . For e G £ let e(i) be the 
corresponding edge in £ !i with the same label as e. We collect some properties of 
Q a in the following theorem. 

Theorem 2.1. Let X be a synchronized system with a synchronized word a = 
o>\ ■ ■ -a p , a generator V as (2.1) and the right Fischer cover Q — (G, C). Then 

(1) Q a and Q are conjugate. 

(2) Let e ai ■ ■ • e Qfc , 1 < k < p be a subpath of a path labeled a, C p (e ai ■ ■ ■ e Qfc ) = 
ai • • • oik and let I = t(e ai ■ ■ ■ e Qfc ) . Then all the inner edges of L have the 
same label a^. 

(3) Let u — u\ ■ ■ ■ Uk £ B(X) and suppose tt — e Ul ■ ■ ■ e Uk e ai ■ ■ ■ e Qp is a path so 
that C p {jt) =%]_■•• UkCti ■ ■ ■ a p and e ai ■ ■ ■ e Qp is a subpath of a path labeled 
a, then either uon ■ ■ ■ a p C a or uon ■ ■ ■ a p — vct\ • ■ ■ a p for some v G B(X). 

(4) If X is sofic, then Q a is a finite labeled graph. Also, if Q is left-closing with 
delay D, then Q a will be left-closing with delay D + p — 1. 

Proof. (2), (3) and the first part of (4) follow from the definition of Q a . The second 
part of (4) is satisfied by [11, Proposition 5.1.8 ]. (1) can be deduced from [11, 
Theorem 2.4.10]; nevertheless, we give a sketch of proof. Set Xg — Xg ± - First 
we show that Xg 1 and Xq 2 are conjugate; then an induction argument gives the 
result. Define a 1-block map * : Bi(X G2 ) -> Bi(X Gl ) by *(e(j')) = e. Note that 
the image under ^ of any path in G2 is a path in G\. Next we define a 2-block 
map $ : B 2 (X Gl ) -> B X {X G2 ). life G B 2 (X Gl ), then / is in Pj(ai), i G {1, 2} and 
we define $(/e) = e(i). Here also, the image under $ of any path in G\ is a path 
in G2. Let ip = and <fi — $S» 1 ''- Then ip o (f> and <p o ip are identity maps and 
the conjugacy will be achieved. □ 

Theorem 2.2. [ ] A coded system Z with the set of generators {z n } is mixing if 
and only i/gcd{|z n | : n G N} = 1. 

Theorem 2.3. Let X be a synchronized system. Then the following is equivalent. 

(1) X is mixing. 

(2) X is weak mixing. 

(3) X is totally irreducible. 

Proof. Clearly every mixing shift space is weak mixing. Furthermore, any weak 
mixing shift space is totally irreducible [ ]. 

(3) => (2) Because if X is totally irreducible and has a dense set of periodic 
points, it is weak mixing [ ]. It remains to show that a weak mixing X is mixing. 
Let a is a synchronizing word for X. So X is generated by {v n a : n G N}. By 
Lemma 2.2, it suffices to show gcd{|u rl | + |a| : n G N} = 1. Since X is weak mixing, 
there is a thick set P such that for every n G P there exists a word w G B n (X) 
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with awa G B(X). Thus there are words of length m, m + 1 G P of the form au, 
implying that gcd{|w„| + |a| : n G N} = 1. □ 

3. Intertwined Synchronized Systems 

Definition 3.1. For 1 < i < £, let Xj = Xy i be a coded system with a synchro- 
nizing word a.i and generated by 

Vi = V ai = {v l a, : aycxi G B{X t ), a* % v 1 }. 

The coded system Z = Z(Vi, . . . , Vi) generated by 

{v 1 aiv 2 a2 ■ ■ ■ v e ag : v % oii G Vi} 

is called the intertwined system of X\ , . . . , Xi and is denoted by 

Z = X x hX 2 h---hX t . 

Let Qi — (Gi, d) be the right Fischer cover for Xi and Q"* the cover provided 
by Theorem 2.1 for X{, 1 < i < I. Then all o^-paths, that is paths labeled a, in 
Gf* terminate at v(ai). Now Qz = Qz{Qx x , ■ ■ ■ , Gx e ) which is a cover obtained by 
choosing ai-paths being terminated at v(a( i+1 ) mo( j g) instead of v(a,) is a cover 
for Z . We call Qz the intertwined cover for Z. So to construct Qz, we cut off all 
the a^-paths from v(ai) in G" 1 and will glue them to v(aj) in G ^ where j — i + 1 
mod £. 

Since the problems arising from intertwinning of finite systems are basically the 
same as intertwinning of two systems, from now on we concentrate on intertwinning 
of two systems X = Xy and Y = Yw generated by 
(3.1) 

V = V a = {va: ava € B(X), a % v} and W = Wp = {wfi : fiwfi € B{Y), P%w} 
respectively. So a-paths (resp. /3-paths) terminate at v(/3) (resp. v(a)). 

Definition 3.2. Let Gz x be the subgraph of Gz corresponding to Gx, that is, 
consisting of all the paths in Gz labeled va, v € V and starting from v(a) and 
terminating at v(/?). 

Note that Qz x lii n °t irreducible and Qz x an( i Qz Y have only vertices v(a) and 
v(/3) in common. 

Now by giving an example, we show that XyhiXyj depends on V and W and so 
on a and /3. Let X = X(S) be a S"-gap shift [ ] for S = {1, 2} and Y a /3-shift [20] 
for 1/3 = 1101; both systems are SFT. It is obvious that 1 is a synchronizing word 
for X and 00, 11 are synchronizing words for Y. Let V = {01,001}, W\ — {it00 : 
OOtiOO € B(Y), 00 % u} and W 2 = {ull : Hull G B(Y), 11 % u}. Then X = X v 
and Y = X\y t = ^iy 2 ■ By a straightforward routine, that is by finding the largest 
positive eigenvalues of adjacency matrices, one has h^XEzXy/x) = log 1.63 while 
h{Xk,Xw 2 ) — log 1.7. So X&,Xy/ 1 and Xk,X\y 2 are not conjugate. In particular, 
the intertwined system of conjugate systems are not necessarily conjugate. 

Theorem 3.3. Let X and Y be two synchronized systems generated by V — V a and 
W = Wp as in 3.1. Then X and Y are sofic if and only if Z = X&lY = XySzYw 
is sofic. 

Proof. Let X = Xy and Y = X\y be two sofic systems and Qx (resp. Qy) be the 
Fischer covers of X (resp. Y). Then Q x and Qy and their intertwined cover Qz 
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FIGURE 1. From above, the Fischer covers of X, Y and Z — XkY. 



have finite vertices. But any symbolic system with a finite labeled graph is sofic 
and we are done. 

For the converse if Z is sofic but X is not sofic, then Gz x will be a graph with 
infinite vertices which is absurd. □ 

Next example will illustrate the intertwinning of two sofic systems X and Y . 

Example 3.4. Consider Figure 1 and two sofic shifts X and Y with a — ct\oii = 00 
and /3 = — 000 as their synchronizing words respectively. The Fischer covers 

of X and Y are presented in that figure. 

First we will construct Q x - We have Vg x ( a i) — {Fx(&i)} an d only I = Fx(ai) 
needs in-splitting. We do this and we obtain Q x — Qx 2 ■ 

For Qy, the first in-splitting occurs in I = Fy(/311)}. Do this in-splitting and 
call the new cover Qy 2 - We have Vg Y2 (Pifc) = {Fy(P^)} and Fy(0i) needs also 
in-splitting. Doing this G Y (= Qy 3 ) will be constructed. 



Definition 3.5. [10] A shift space X has specification with variable gap length 
(SVGL) if there exists N e N such that for all u,v e B{X), there exists w € B(X) 
with uwv € B(X) and \w\ < N. 

Note that a SVGL was called almost specified in [10]. 

Theorem 3.6. Suppose X and Y are two synchronized systems generated by V = 
V a and W = Wp as in 3.1. Then Z = XkY = X v kY w has SVGL if and only if 
X = X V andY = Y w have SVGL. 

Proof. If V = W, then Z = X and we are done. So suppose W ^ V and pick 

wq/3 eW\V. 

First suppose Z has SVGL with the transition length M and suppose that one 
of X or V, say X, does not have SVGL. Then for all n, there are u n ,v n £ B{X) 
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such that if w £ B(X) and u n wv n B(X), then \w\ > n. Without loss of generality, 
assume that au n , v n a G B(X) for all n. Now let z n — awo/3u n and z' n = v n awo(3 be 
the words in B{Z). Since Z has SVGL, there is < e S(Z) such that z„« G B(Z) 
and |z"| < M for all n G N. Note that this z" is a word such as u^aw^fi ■ ■ ■ Wi k f3v' n 
for some u' n , v' n G £>(A). Let n > M and set w = u' n av' n . Then by the fact that a 
is a synchronizing word, u n wv n G X and \w\ < M which is absurd. 

Now suppose both of X and Y have SVGL with the transition lengths Mx and 
My. Let 

mi = min{|uo;| : va G V} = \via\, 1TI2 = min{|u>/3| : w(3 G IF} = |u>i/3|, 
k = max{rt G N : na < M x }, I = max{n G N : nfJ < M Y }, 

and M = Mx + krri2 + My + lm±. We claim that M is a transition length for 
Z. Let Z\,z% G B(Z). Different cases occur. We just prove two cases, other cases 
will be proved similarly. First case is when z\ — "fViaWjf3z f and Z2 — z"aw p f3\ 
where 7, A G B{Z) and z' , z" G B{X) so that a % z', z" . Since X has SVGL, 
there is x = Xiav il a ■■■ v in ax 2 such that z'xz" G B(X) and \x\ < Mx- Then 
z = xiawipv^awiP ■ ■ ■ Vi n awi/3x2 G B(Z) and zizz 2 G B(Z) . Furthermore, 
\z\ < M x + km 2 < M. 

The other case is when z\ is as above and z 2 = z" (3v q a\ with (3 % z" G B(Y). 
Since X and Y have SVGL, there are x G B(X) and y G B(Y) such that z'ia G 
B(X), fiyz" G S(y) and \x\ < M x , \y\ < M Y - We can assume that x (resp. y) 
does not contain a (resp. /3) as a subword. Then zixa?/^ € B(Z). Note that 
|iray| < Mx + m\ + My < M and we are done. □ 

Recall that when X is a sofic shift space with non- wandering part R(X), we can 
consider the shift space 

dX = {x £ R(X) : x contains no words that are synchronizing for R(X)} 

which is called the derived shift space of X . An irreducible sofic shift space X is 
near Markov when it is AFT and its derived shift space dX is a finite set [19]. 

Theorem 3.7. Let X and Y be two synchronized systems with V — V a and W — 
Wp generators for X and Y as in 3.1. If Z = XSzY = XyhYy/ is SFT, near 
Markov or AFT, then both X and Y are SFT, near Markov or AFT respectively. 

Proof. By definition of derived shift space, if x G dX, a is not a subword of x and 
then x G dZ. That is, dX C dZ . By the same reasoning, dY C dZ and so 

(3.2) dX U dY C dZ. 

First suppose Z is SFT and one of X or Y, say X, is not SFT. Then dX ^ 
however dZ = 0. So X is SFT. 

Now suppose X is not AFT. So there are two different infinite paths x — ■ ■ ■ e_ie 
and x' = ■■■e'_ 1 e' with the same label and i(e ) = t(e' ). If a % Cx^ix) = 
Cx^ix'), then x and x' will be two paths in Gz where Cz^(x) = Cz^ix') and 
terminating at the same vertex of V(Gz)- So Z is not AFT which is absurd. 
Otherwise, since a is a synchronizing word and so magic for Qx, we may assume 
£A'(e_(| Q ,|_i) • • • e_ieo) = a and by the proof of Theorem 3.3, both of these paths 
terminate at the same vertex. By technique of merging [11, §3.3], one can obtain 
the Fischer cover of Z from Qz- However, two vertices of Qz merge only if one in 
V(Gz x ) and the other is in V(Gz Y )- Hence after merging, x and x' will be yet 
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Figure 2. The Fischer cover of a non-AFT intertwined system, 
constructed from two AFT systems: two different paths labeled 
(01)°°111 terminate at vertex a. 

two different paths with the same label and terminating at the same vertex. This 
means Z is not AFT which is absurd. 

If Z is near Markov, then it is AFT and \dZ\ < oo. So X and Y are near Markov 
if dX and dY are finite which is consequence of 3.2. □ 

The converse in Theorem 3.7 does not hold necessarily. We will give an example 
of X and Y, both AFT, in fact SFT, such that X v kY w is not AFT for some set 
of generators V and W. 

Example 3.8. Let 5 = 5' = {0, I, 2}, X = X(S) and take Y to be the set of 
binary sequences whose runs of l's is restricted to 5'. Choose a = 00 and f3 = 11 to 
be the synchronized words for defining the generating sets V and W respectively. 
The Fischer cover of XhY = XyhY w is as in Figure 2. Observe that there are 
two different infinite paths terminating at the same vertex a and having the same 
label (01)°°111. Therefore, XkY is not AFT. 

Now we give sufficient conditions such that the converse of Theorem 3.7 holds. 
Suppose A is a sofic shift with the Fischer cover Q = (G,C). Let G# be a new 
graph whose vertex set is the set 2 V of subsets of the vertex set V of G. Let A 
be the alphabet of X . We draw an arrow labeled a G A from a subset F G 2 V to 
another subset F' G 2 V , when 

F = {x G V : there is an edge labeled a from an element of F to x}. 

We denote this new labeled graph by (G#,£#). By [ , Proposition 6.5], dX = 
(A G #) where Gf denotes the subgraph of G# obtained by erasing all vertices 
F E 2 V for which #F ^ 2, together with all arrows to or from such a vertex. 

Lemma 3.9. Let X be a sofic shift with the Fischer cover Q = (G,C). Also let 
x = p°° G dX where p is primitive and letp — C(ttq) for some path ttq in G. If there 
is only one cycle 7 in G such that x — £00(7°°), then 7 consists of concatinations 
of at least two copies of ttq . 

Proof. Let p = popi ■ ■ ■ p n -i- Then there is a cycle A = eoei • ■ • e n _i in Gf such that 
£*(A) = p. Also suppose the edge e», < i < n — 1 starts from the vertex {F, Ji} 
and terminates at {/(i+i) mo d ni J(i+i) mod «}■ Note that if e G £(Gf) starts from 
{Ki, Li} and terminates at {K2, £2}, since Ki ^ Li for i — 1, 2, e represents two 
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different edges e\ and e2 in G such that i(ei) 6 {K\, L\} and t(a) £ {K2, £2}- So 
there are two paths 7ri and 7T2 in G such that £(7^) = C(no) = p and 

(3.3) t(7r0, tfa) 6 {/o, Jo}, i = l,2. 

Suppose there is oniy one cycie 7 in G such that x — £00(7°°). Since Iq ^ Jo, ^0 
and Jo are different states along 7 and by (3.3), they are initial and terminating 
points for two different paths in G labeled p and we are done. □ 

An immediate consequence of the above lemma is that if x — p°° £ dX, then 
there are two different paths -K\ and 7r 2 with £(71^) = p for i = 1, 2 and either both 
are in a cycle 7 or in the different cycles 7 and 7' such that 

(3.4) P°° = C 00 { 1 X ) = C 00 ( 1 ' C0 )- 

Lemma 3.10. Suppose Q is a finite right-resolving labeled graph with two different 
paths £ = ■ ■ ■ e_ieo, £' = • • • e'^e'^ and £(e^) = £(e^). Then there are two different 
cycles e_ m • • • e_„ and e'_ TO • • • e'_ n in Q. 

Proof. There is at least one state v in G such that £ meets it infinitely many often. 
Let v — t(e-i j ) for j £ N and choose j m > \Vg\- Also let v'j be the terminating 
state for e'_ i . . We follow £ and £' (backward) and simultaneously. Thus by pigeon 
principle, at least two states v'^ and wj 9 amongst the j m states v[ , • • • , Vj m arc 
equal and let v' — v'^ = v'j 2 . This means that when v' returns to itself along u 
returns to itself along £ and so £ and £' have met at least a cycle simultaneously on 
their ways. Call the cycles Q and respectively. Note that Q 7^ Q'. Otherwise, 
there is a vertex 10 on the way of £ and £' with two different outer edges lebeling 
the same which violates the fact that Q is right-resolving. □ 

Theorem 3.11. Let X and Y be two synchronized systems generated by V = V a 
and W = Wp as in 3.1 and P n {X) n P„(F) = for all n £ N. If X = X v and 

Y = Y W are SFT, AFT or near Markov, then Z = XkY = X v kY w is SFT, AFT 
or near Markov, respectively. 

Proof. Suppose X and Y are SFT but Z is not so. Then dX = dY = while 
dZ ^ 0. Since dZ is a sofic subsystem of Z, there is a periodic point p°° £ dZ. 

First suppose [3va % p, for any va £ V. By the hypothesis, this means that 
either p°° £ Qz x or p°° £ Qz Y - Suppose the former happens. Thus a % p°° . Now 
choose m sufficiently large so that p m is a synchronized word in X and p m (jL Y . 
The existance of such m is guaranteed by the fact that X is SFT and p°° $ Y. To 
have a contradiction, we show that p m is a synchronized word for Z . So let up m 
and p m w be arbitrary words for Z. Since p m ^ Y , u — u\u' and w — w'wi where 
u', w' £ B(X) and they do not have a as a subword. We are trivially done if u\ 
or wi is an empty word. Otherwise, without loss of generality assume u± — f3 and 
w\ = a. Therefore, au'p m and p m w'a are in X and this implies au'p m w'a £ B(X) 
and we are done. 

Now suppose f3va C p. Then p — Vi 1 avjj 1 /3- ■ -Vi k avjj k f3 where vi r a £ V and 
Wi r f3 £ W, 1 < r < k. Without loss of generality assume that p = vaw/3 and let 

V = {v : va £ V}, W = {w : w/3 £ W}. If v W (resp. w V), then [3va 
(resp. awf3) is a sychronized word for Z and p°° £" dZ. So v, w £ V n W and by 
the definition of our generators 



(3.5) 



a, ft % v, a, (3 %w. 
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By Lemma 3.9, there are two different paths tt\ and 7T2 in Gz with Cz(^i) = p for 
i = 1, 2 and either both are in a cycle 7 or in different cycles 7 and 7' such that 
3.4 holds. Consider the following cases. 

(1) There are more than one cycle. Then (3.4) implies that (vaw/3) 00 = 
(vf3wa)°°. By (3.5), either v = w or a = j3. Considering the fact that 
any path labeled va S V (resp. wf3 £ W) terminates to the same state, the 
former will not allow Qz being right-resolving and the latter contradicts 
our hypothesis P n (X) n P n (Y) = for all n. 

(2) There is only one cycle 7 with p°° — £zoo(l°°)- Then the label of this 
unique cycle 7 must be vawf3. But by Lemma 3.9, this cycle must be 
formed from the concatenation of at least two paths with the same label 
and (3.5) implies that in our situation va — w/3 and this in turn implies 
P n {X) n P n (Y) ^ for some n. 

As a result, dZ = and Z is SFT. 

Suppose X and Y are AFT but Z is not AFT. So there are two different paths 
£ = ••■e_ieo and £' = ■■•e'_ 1 eQ in with the same label and terminating at 
the same vertex. Also we may assume eo ^ e' Q and let = e_ m • • • e_„ and 
C^' = e'_ m ■ ■ ■ e'_ n be two different cycles provided by Lemma 3.10. 

(1) If Q (resp. Cj/) is a cycle in Gz x (resp. G^ y ), then 

£(e (X) 

violating our hypothesis. 

(2) If and C$> are both cycles in Gz xl then we may assume that t(e ) — 
t(e' ) = v(/3); otherwise, we may continue £ and £' on a common path to 
get to v(/3). But then we will have two different infinite paths labeled the 
same and terminating at the same vertex in Qx violating the fact that Q x 
is left closing by Theorem 2.1. 

(3) Note that in (1) and (2), C(C{) = C(C^) does not have a or j3 as its 
subword. So the remaining case is that when a, /? C £(Cf). This implies 
C{C() = C(C$i) = Wi 1 /3vj 1 a ■ ■ ■ a. Let tt^ and be the subpaths of C$ 
and such that £(n il ) = L{ r K l il ) = . The fact that Qz is right- resolving 
and paths labeled a terminate at the same vertex, implies that 7^ = ir'^ ■ 
By the same reasoning, paths in and Cgi labeled Vj 1 are identical and 
carrying out this reasoning for all the subpaths of Cf and we will have 

= which is absurd. 

Now let X and Y be near Markov. So they are AFT and \dX\, \dY\ < 0. Moreover, 
Z is AFT. If \dZ\ = 00, then since dZ is sofic there will be infinitely many periodic 
points in dZ . Apply the same reasoning as in the SFT - for the second part where 
(3va C p - to see that for any £ dZ \ (dX U BY), we will have a contradiction. 
Thus dZ C (dX U BY) and we are done. □ 

A conclusion from our later Remark 5.G is that no conclusion can be obtained for 
PFT between spaces and their intertwined system. That is there are PFT systems 
whose intertwined system is not PFT and also a PFT intertwined system emerging 
from two non-PFT systems. 



12 



D. AHMADI DASTJERDI AND S. JANGJOOYE SHALDEHI 



4. (S, S')-gap Shifts 

An important class of intertwined systems is the class of (S, <S")-gap shifts men- 
tioned in the introduction. In fact, 5-gap shifts are symbolic dynamical systems 
which have many applications in practice, in particular, for coding of data [ ] and 
in theory for its simplicity of producing different classes of dynamical systems. To 
define an 5-gap shift X(S), fix S C No. If S is finite, define X(S) to be the set of 
all binary sequences for which l's occur infinitely often in each direction and such 
that the number of O's between successive occurrences of a 1 is in S. When S is 
infinite, we need to allow points that begin or end with an infinite string of O's. 

The (S, 5")-gap shifts may be considered as a generalization for S-gap shifts when 
the run of and the run of 1 are restricted to S and S' as subsets of No respectively. 
In other words, fix two increasing sets S and S' in No and let V = V a = {v s = 
S 1 : s e S} and W = Wp = {v s , = I s ' : s' € S'} where a = 1 and = 0. Then 
the intertwined system Z = X(S, S') generated by U — {v s v s > : s £ S, s' G S'} 
is called a (S, «S")-gap shift. An immediate observation is that Q X (s) = @X{S) an d 

First we will give the Fischer cover for a sofic Z. Recall that the Fischer cover 
for any sofic shift is the labeled subgraph of the follower set graph consisting of only 
the follower sets of synchronizing words. Since for (S, S")-gap shifts, 10 and 01 are 
synchronizing words, 10 1 and 01 1 are synchronizing words for all i £ N [11, Lemma 
3.3.15]. Also, for v = v\V2...v v (resp. w — wiW2---w q ) in B(Z) where v p _iv p = 10 
(resp. Wq^iWq — 01), we have F(v) = F(10) (resp. F(w) = F(01)). On the other 
hand, l and l l , i € N are not synchronizing words. These facts can be used to 
establish the Fischer cover for (S, S")-gap shifts without resorting to the Fischer 
covers of the S-ga,p and S"-gap shifts as it was done for iS-gap shifts in [2]. To avoid 
the tedious task of manipulating different cases, we use the Fischer covers of X(S) 
and X(S') and will obtain the Fischer cover for the associated (S, S")-gap shift. 
We begin by introducing an irreducible right- resolving presentation of Z, called Qz- 
By [ , Corollary 3.3.20] the merged graph of Qz is the Fischer cover of Z. 

We need to recall some facts about the Fischer cover of a 5-gap shift. Set 

l 

(4.1) A(5) = {dx, d 2 ,..., d k ,gi, 92, ■ ■ ■ , gi}, g^^gi 

i=l 

where d\ — s\, di = Si — Sj_i, 2 < i < k and gj — Sk+j — Sk+j—Xi 1 < J < Z. Here k 
and I are the least integers such that (4.1) holds. Also 

(4.2) V S = {F(1),F(10),-- - ,F(10"( S ))}, 
is the set of vertices where n(S) = \S\ for |5| < 00. 

Definition 4.1. If \S\ < 00, then set n(S) = \S\. If \S\ = 00, then n(S) will be 
defined as follows. 

(1) For k — 1 and g\ > Sx, 

(a) if gi =8x + l, then F(W Sl+1 ) = F(l) and n(S) = s t . 

(b) if gi > sx + 1, then F(10 9 ) = F(l) and n(S) =5-1. 

(2) For jfe ^ 1, if gi > d k , then F(IQ3 +Sk - 1+1 ) = F(W Sk - 1+1 ) and n(S) = 
g + Sk-i- 

(3) For k e N, if g t < d k , then F(10 Sfc +'- 1+1 ) = F(10 Sfc " 9;+1 ) and n(S) = 

Sk+l-l- 
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4.1. Fischer cover for X(S, S 1 ). Suppose 

(4-3) S = {s i } 1 <j< n(5 ) and S' = {Si}l<i<n(S') 

are two increasing sequences in No and let Gs and Qs> be the Fischer covers of 
X(S) and X(S'). Note that the main difference between a S-g&p shift with a S'- 
gap shift is that the former restricts the run of between two 1 whereas the latter 
restricts the run of 1 between two 0. So V 5 = {F s (l), F s (10), • • • , F s (10™( 5 ))} 
and V s > = {F s >{0), F s >(01), ■•• , F S '(01 n ^ s ^)}. Clearly the edges will be labled 
according to this fact. 

Now we intertwine these two systems and will construct Qz called the intertwined 
cover for Z — X(S, S') (see Figure 3 for \S\, \S'\ < oo). Hence, we first replace 
the synchronizing word 1 (resp. 0) by 10 (resp. 01). This will change the vertices 
of G s (resp. G s >) from F S (W) (resp. F S '(01 j )) to F z (W i+1 ) (resp. F z (0P +1 )), 

< i < n(S), < j < n(S'). But we choose the terminating vertex of all edges 
labeled 1 (resp. 0) in G s (resp. G s >) be Fz(01) (resp. F z (10)) (see Figure 3). 
Therefore, Gz and so Qz = {Gz, C-z) has been established. 

As in (4.1), let A(S') = {d[, d' 2 , . . . , d' k , , g[, g> 2 , . . . , g[,} and g' = £? =1 & 
Theorem 4.2. Qz is the Fischer cover for Z = X(S, S') if 

(1) S and S' are finite. 

(2) S is finite and S' does not satisfy (lb) in Definition 4-1- 

(3) S and 5' are infinite and either S or S' does not satisfy (la) in Defini- 
tion 4-1- 

Proof. We need to show that Qz is right-resolving and follower separated. To this 
end we have a labeled graph Qz = (Gz, Cz) which is an irreducible right- resolving 
presentation of Z but not necessarily minimal. The merged graph of Qz, say "H, 
is minimal and is the Fischer cover of Z. We show that H = Qz for our cases by 
showing that Qz is follower separated. In fact we exclude cases where Qz is not 
follower-separated. It is convenient to think of vertices of Gz lying in two different 
rows, one consisting of Fz(10 l )'s, 1 < i < n(S) + 1 and the other Fz(0Vys, 

1 <3 < n(S') + 1. 

Since the vertices in any row of Gz are from the Fischer covers of X(S) and 
X(S'), the follower sets representing vertices in the same row cannot be equal. 
Hence we look for those equal vertices in different rows. That is it is sufficient to 
consider the equality amongst a vertex v — F(10 s+1 ), s £ S and v' = F(0l s +1 ), 
s'eS'. 

(1) - Suppose S and S' are finite and let S = {si, . . . , Sk} and S' = {si, . . . , s' k ,}. 
Fix 1 < i < k and first let i ^ k and set v = Fz(10 Si+1 ). Then v can be only equal 
to a v' = F z {01 s 'i +1 ) for some s$ e S' \ {sj}. But S * +1 £ F z (0l s ' +1 ) for all 
s' G S'\ {.Sj} and Sfc+1 is not in v as a follower set and consequently equality does 
not happen. Therefore, we let i = k and we notice that in this case the out-degree 
of v is one with label 1. Thus v can only be equal to v' = Fz{0V 1+1 ) for some 
ji <£ S'. However, 1^ +1 € F z (10 Sk+1 ) \ F z {01 j+1 ) for all j 5' and this implies 
Qz is follower separated. 

(2) - Suppose S is finite and \S'\ — oo. We show that unless n(S') satisfies 1(b), 
then Qz is follower-separated. 

Suppose v = v'. Thus the out-degree and labelings of outer edges of v and v' 
must be the same and first, suppose their out-degree is one and call the associated 
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F 5 (10 s -) 
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F S {W S ") 




Fz(W) 
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F z (10 s >) 




F z (10 Sfc+1 ) 




F z (01) 




F z (0i^) 


i> ... ± 


F z (01^ +1 ) 



Figure 3. The Fischer cover of X(S), X(S') and X(S, S'). 



edges e v and e v i respectively. If v = Fz(lO') (resp. t>' = Fz(0V)), 1 < i < n(S) + l 
(resp. 1 < j < n(S') + 1), then e v (resp. e v >) is labeled (resp. 1) and if 
v = Fz(10 n ^ +1 ), then e v is labeled 1. Therefore to have v = v' , one must have 
v being the far right state in its row. Checking the possible cases, the situation 
where l^l < oo, \S'\ = oo and X(S') satisfies (lb) is the only case with v = v' . In 
this situation, e v and e v i both terminate at ^(01) and are labeled 1 which implies 
both have the same follower sets and merging is required. 

If the out-degree of v and v' is two, then v = Fz (10 s+1 ) for s e S \ {sk} and 
v' = F z (01 s ' +1 ) for s' e S'. But then Sk+1 G F z (01 s ' +1 ) \ F z (10 s+1 ) and so 
v 7^ v'. 

(3)- Suppose both S and S' are infinite and assume v = v 1 . Recall that when 
\S\ = oo (resp. \S'\ = oo), any edge starting from a vertex with the out-degree one, 
is labeled (resp. 1). So the out-degrees of v and v' must be two. This means v 
(resp. v') is the starting state for an edge terminating at F^(01) (resp. F^(10)) 
with label 1 (resp. 0) and another edge labeled (resp. 1). Let v = Fz(10 Si+1 ). 
Then there is a path labeled Sj ~ Si 1, i < j < k + 1 starting at v. This implies there 
exists a path with the same label starting at v' as well which contradicts the fact 
that k was the least integer. Thus V. = Gz and no merging is needed. It remains 
to check for v = F(10 n( - S ^ +1 ) = F(01 n( - S "> +1 ) = v' and both with out-degree 2. In 
fact, for the case where both X(S) and X(S') satisfy (la), v — v': both v and 
v' have one edge with label and terminating at the same vertex Fz (10) and one 
edge with label 1 and terminating at the same vertex Fz (01). Again merging is 
required. □ 

From the above proof we have 

Corollary 4.3. If Qz is not the Fischer cover for Z = X(S, S'), then % obtained 
from Qz by merging F z (10 n ^ +1 ) and F z (01 n( - S ) +1 ) is the Fischer cover. 
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4.2. Adjacency Matrix for X(S, S'). When S and S' are finite Z = X(S, S') 
is SFT and so the adjacency matrix Az carries most of the information about the 
system. We use this matrix to give the Bowen-Franks groups of X(S, S'). One way 
to obtain Az is to use the presentation which is actually the Fischer cover for this 
case by Theorem 4.2. Doing so then A z is the (n(S) + n(S') + 2) x (n(S)+n(S') + 2) 
matrix 

(4.4) A.-(* ° 3 ) 

where A 1 and A 3 are (n(S) + 1) x (n(S) + 2), (n(S') + 1) x n(S') matrices and 
nonzero entries are as follows. 

(1) A\ i+1) = A) (n(s)+2) = 1 for 1 < i < n(S) + 1, j G S \ {n(S) + 1}. 

(2) = 1 for i G 5'. 

(3) A| = 1 for 1 < i < n(S'). 

5. Dynamical Properties of (S, S")-gap Shifts 

In this section we investigate the dynamical properties of (S, <S")-gap shifts in 
terms of S and 5". We also give a formula for computing the entropy of these 
systems. 

As we already have pointed out, a (S, S') -gap shift for S' = {0} is in fact a 
(S + l)-gap shift. It is not surprising that most of the dynamical properties of 
(5, S")-gap shifts can be read from those of S-gap and <S"-gap shifts. The following, 
however, shows that family of (S, S")-gap shifts are different from S'-gap shifts. 

Theorem 5.1. There are infinitely many (S, S')-gap shifts which are not conjugate 
to any S-gap shift. 

Proof. Choose \S\, \S'\ = oo so that P„(X(S, S')) ^ and P n+1 (X(S, S')) = for 
some n G N where P n is the set of periodic points of period n (for instance, let S — 
S' = kN, k £ N ). Also for T C NU{0} let X(T) be a T-gap shift which is conjugate 
to X(S, S'). To arrive at a contradiction, we show that the set of periodic points 
ofX(S, 5') and X(T) are different. Since \S\, \S'\ = oo, Pi(X(S, S')) = {0°°, 1°°} 
and so £ T. Furthermore, by conjugacy, P n (X(T)) ^ 0. Let w°° G P n (X(T)). 
Then (lw)°° G P n+1 {X{T)) while P n+1 (X(S, S')) = 0. □ 

So far we know that (S, S")-gap shifts are all synchronized and so coded -a 
(S, 5')-gap shift is generated by {0 5+1 l s ' +1 : s G S, s' G 5'}. One can show 
directly that 10 and 01 are synchronizing words. By Theorem 2.2 and Theorem 2.3 
we have 

Theorem 5.2. The following are equivalent for a (S, S')-gap shift Z . 

(1) Z is mixing; 

(2) gcd{ S „ + s' m + 2 : s n G S, s' m G S'} = 1; 

(3) Z is totally irreducible. 

Let Q = (G, C) be a labeled graph, / a vertex of G and A = Aq the associated 
adjacency matrix. The follower set Fg(I) of I in G is the collection of all labels 
of paths starting at /. The period of an state /, denoted by per (7), is the greatest 
common divisor of those integers n > 1 for which (A n )n > 0. The period of the 
matrix A denoted by per (A) is the greatest common divisor of all the numbers 
per( J) where J is a vertex. If A is irreducible, then all states have the same period. 
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The period of a graph G is the period of its adjacency matrix and is denoted by 
per(G). Let Xq be an irreducible edge shift and p — per(G). Then there exists a 
unique partition {Dq, D\,..., D p _i} of the vertices of G, called period classes, so 
that every edge that starts in Di terminates in Du^s mod p . 

Theorem 5.3. Suppose X(S, S') is a sofic shift with the Fischer cover Q = (G, C). 
Then per(G) = gcd(5 + S' + 2). 

Proof. Let A be the adjacency matrix of G and / = -F(IO). Starting at / on G, we 
are back again at / if we have traced on G a path labeled Si l, s; G S followed by 
a path labeled 1^0, s'- G S'. Therefore, 

(5.1) {n : (A n ) n > 0, n 6 N} = {^(s, + s' 3 + 2) : Sl g S, s' 3 g 5"} . 
On the other hand, 

(5.2) gcd {^(s, + s'j + 2) : s t g S, ^ G S"} = gcd {s +s' + 2: s g S, s' G 5'} . 

So (5.1) and (5.2) imply that per(I) = gcd(5 + S' + 2). Since A is irreducible, we 
are done. □ 

Other similarities of (S, <S")-gap shifts with S'-gap shifts is presented in the fol- 
lowing theorem which characterizes some properties of X(S, S') in terms of the 
combinatorial properties of S and S'; compare [10, Example 3.4] and [1, Theorems 
3.3, 3.4 and 3.6]. Before, recall that A(5) = {d n } n and A(S') = {<}„ where 
d\ = si, d[ = s[, d n = s n — s n -i and d' n — s' n — n > 2. Note that A(5 I ) here 

is in consistence with (4.1). 

Theorem 5.4. X(S, S') is 

(1) SFT if and only if S and S' are finite or cofinite. 

(2) sofic if and only if A(S) and A(S') are eventually periodic. 

(3) AFT if and only if A(S) and A(S') are eventually constant. 

(4) SVGL if and only if sup i |s<i+i — Si\ < oo and sup i \s' i+1 — < oo. 

Proof. The necessity and sufficient conditions for a 5-gap shift being SFT, sofic and 
AFT was given in [1], Also, a necessity and sufficient condition for a SVGL S'-gap 
is in [ I), Example 3.5]. Using those results, (1), (2), (4) and the necessity condition 
for (3) will be deduced from respective results in Theorem 3.7, Theorem 3.3 and 
Theorem 3.6. So it remains to prove the sufficiency of part (3). Suppose A(S) and 
A(S') are eventually constant. Then 

(5.3) A(S) = {d h da,..., d k ,g}, A(S') = {d[, d' 2 , .., d' k „^} 

where g = s^+i — Sf. and g' = s' k , +1 — s' k ,. A proof is established by showing that 
the intertwined cover of X(S, 5") is left-closing by giving a delay. The vertices that 
may prevent a labeled graph from being left-closing are those with more than one 
inner edges. Because, if it is not left-closing, then there are two paths and 
labeled the same and terminating at the same vertex. Noticing the presentation of 
our X(S, S') given in subsection 4.1, the vertices with more than one inner edges 
are F(10), F(Q1), F(10("( s )+ 2 ) mod a ) and F(0l("( s ') +2 > mod 9 '). 

The vertex ^(10) (resp. ^(01)) has k' (resp. k) inner edges such that F(01 s ™ +1 ) 
(resp. F(10 Sm+1 )) is the initial vertex of the nth edge, 1 < n < k' (resp. 1 < 
m < k). The label of a path of length s' k , + 2 (resp. Sk + 2) terminating at F(10) 
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(resp. F(01)) determines its ending edge. On the other hand, The label of a path 
of length (n(S) + 2)( mod g) + 1 (resp. (n(S') + 2)( mod g') + 1) terminating at 
F (lQ(n(S)+2) mod S ) ( Iesp f(01^ s ">+ 2 ^ mod 9 ')) determines its ending edge. So 
the intertwined cover has D = max{sfc + 2, s' k ,+2, (n(S) + 2)( mod g) + l, (n(S') + 
2)( mod g') + 1} as its delay and the proof is complete. □ 

Example 3.8 was for two S'-gap shifts which shows that Theorem 5.4 is not 
necessarily true if we choose different synchronizing words. 

Theorem 5.5. Any AFT (S, S')-gap shift is near Markov. 

Proof. Let Z = X(S, S') be a strictly AFT shift. Two words 10 and 01 are syn- 
chronizing words. Hence, points having both and 1 as some of its entries are not 
in dZ and dZ C {0°°, 1°°}. So dZ is finite. □ 

Remark 5.6. Not all the properties of X{S) and X(S') transfer to Z — X(S, S") or 
vice versa. Mixing and PFT are two such properties. As an example, let S — S' = 
2N and Gx = (G x ,Cx) be the Fischer cover of X. Then both X(S) and X(S') 
are mixing [10] while gcd(S + S') = 2 and so Z does not have mixing property 
by Theorem 5.2. Also the same S and S' as above will imply that Z is PFT. 
This is a consequence of the fact that per(Gz) = 2 and the fact that the irreducible 
components of Qz and Q\ are definite graphs [ , Proposition 8]. On the other hand, 
since pei(Gx(S)) —P eT {G(x{S')) = lj an d X(S') are not PFT [14, Proposition 

1]. 

Now set S = 3N - 1 and S' = 5N - 1. Then 

gcd{s + 1 : s e S} = 3, gcd{s' + 1 : s' G 5"} = 5 

which means X(S) and X(S') are not mixing [10] and since A(5 f ) = {2,3} and 
A(S') = {4, 5}, both X(S) and X(S') are PFT [ , Theorem 3.8]. However, gcd(S' + 
S' + 2) = 1 and so Z is mixing (Theorem 5.2) but not PFT [14, Proposition 1]. 

Recall that a S'-gap shift is strictly PFT if and only if it is AFT and non-mixing 
[1, Theorem 3.8]. We give the same characterization for (S, 5")-gap shifts which 
are strictly PFT. 

Theorem 5.7. Suppose X = X(S, S') is not SFT. Then it is strictly PFT if and 
only if it is AFT and non-mixing. 

Proof. Suppose Z = X(S, S') is strictly PFT. Since Z is irreducible; it must be 
AFT [14, Theorem 2]. If it is mixing, then pei(Ag) = 1 [11, Exercise 4.5.16] where 
Q is the Fischer cover of Z and this contradicts [ Proposition 1]. 

To prove the necessity, suppose Z is AFT and non-mixing and suppose Q = 
(G,£) is the Fischer cover of Z. Let p = per(^4g) and let Dq, D\,.,., D v -\ be 
the period classes of Q. Since every path with label 10 or 01 terminates at F(10) 
or -F(Ol) respectively, so the initial vertices of these paths are in the same period 
class. Without loss of generality, assume that it is D . Then it is obvious that 
U = {(10)*, (01)* : i G {{1, . . . , p - 2, p - 1}} C O where O is the collection of 
all periodic first offenders. To prove the theorem, we show that O = T~L and hence 
finite. Suppose = (w , w u w/_i) (n) G 0\H. Then w U IeDn F c {I) for 

some < n < p— 1. So w ^ {Q l , I 1 }. Now if WiWi+i = 10 where < i < I — 2, then 
10 ^ .D/ n _|_j) mo( j p which implies w ^ O. □ 
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5.1. Entropy of (S, 5')-gap Shifts. Let S and S' be the subsets of N . If the 
multiplicity in S + S' is important we will show it by -{{S + S']}. Thus, if S = {1, 3} 
and S' = {2, 4}, then S + S' = {3, 5, 7} but fS + S'J = {{3, 5, 5, 7}}. When no 
multiplicities exists, we write S + S' = {{S + S']}. When S and S' are finite, the 
number of elements in -{{S' + S"]} is |S||S'|. We will see that {{ S + S']} is a conjugacy 
invariant and in particular characterizes the entropy. 

The entropy of a shift space X is defined by h(X) = lim„^ 00 (l/n) log |£>„(X)|. 
This reduces to a more computable formula when X has SVGL. First let X be 
synchronized and fix a synchronizing word w G B(X). Let C n {X) be the set of 
words v £ B n (X) such that wvw G B{X). Then the synchronized entropy h syn (X) 
is defined by 

h syn (X) = limsup - log \C n (X)\. 

This value is independent of w and h(X) > h syn (X). In general, h(X) ^ h syn (X), 
however, Thomsen [19] showed that for irreducible sofic shifts h(X) — h syn (X). 
Later Jung [10] extended this result to SVGL shifts. We exploit this to compute 
the entropy for (S, S')-gap shifts. 

Theorem 5.8. The entropy of a (S, S')-gap shift is log A where A is the unique 
non-negative solution of 

(5.4) £ x-^+*>= ]T (Y, XsWxs'(0V (n+2) =l- 

s+s'efS+S'} neS+S' \k+l=n / 

Proof. Since Z — X(S, S') is a synchronized system, we will compute h syn (Z) 
and we will choose our synchronizing word to be w = 01. Therefore, by setting 
Ci — Ci(Z), we have 

Ci = xsr(l)xs'(0)+xs(0)xs'(l), 

C 2 = Xs(2)xs'(0) + Xs(0) X s'(2)+Xs(l)xs'(l)+xsnS'(0), 
C 3 = Xs(3)xs'(0) + xs(0)xs'(3)+xs(2)xs'(l)+Xs(l)xs'(2) + 
XsnS'(0)Ci + XsnS'(0)(xs(l) + XS'(l))- 
By an induction arguement on n, we will have, 

Cn = Yj Xs(k)XS>(l)+ Y J2 X8(k)xS'(l) Cn-(p+2) + 

k+l=n peS+S' \k+l=p J 

Xsns>(0) (Xs(n - 2) + X S>(n - 2) + 0{n)) . 

In other words, 

. Xs(k)xs'{l) , | fu \ n\ I C n-{p+2) . 

1 = 2^ n + <L Xs(k)xs'{l)\ — ^ + 

k+l=n " p6S+S' \fc+Z=p / ™ 

XSn / (0) (Xs(n - 2) + X S> (n - 2) + Q(n)) ■ (1.1) 

Now for some subsequence {rtt}t e N, C nt is asymptotic to A™* as t — > oo where 
A = 2 h "^ z ^> > 1. Therefore, 

lim C "*-fr+ 2 > =A-fr+ 2 >. 

t-J-OO C nt 
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By letting t -> oo in (1.1), J2 P es+S' (Zk+j= P XsWxs' (0) jh? = l So > Vn(^) = 
log A where A is the non-negative solution of the equation 

s+s'efs+S'j 

If Z has SVGL, then h(Z) = h syn (Z) [10]. Therefore, suppose Z does not have 
such a property. Let S„ = {s\, s%, ■ ■ ■ , s„}, S' n — {s[, s' 2 , ■ ■ ■ , s' n }, n S N. If one 
of 5 or 5", say S 1 , is finite, then there is a N S N such that S n — S for all n > 2V. 
Then ft(A"(S n ,5;)) = ft^n(Jr(5 n , S' n )) and the sequence {/i(X(S n , S' n ))} n is an 
increasing sequence with upper bound h(Z). First we show that h(X(S n , S' n )) — > 
h(Z). Let A„ be the Perron eigenvalue of h(X(S n , S' n )). We have 

lim logA n = lim h(X(S n ,S' n ))= lim lim - log B m (X(S n , S'J). 

n—>oo n— >co n— >oo m— >ao fn 

For any fixed m, B m (X(S n , S' n )) increases to B rn {Z). So 

lim lim -logB m (X(S n , S'J) = lim lim -logB m (X(S n , S' n )) 

n— t-oo m— >oo 777, m— »-oo n— ^-00 777, 

= lim — logB m (Z) = h(Z). 

m— >oo m 

If we let h(Z) = log A for some A > 0, then linin^oo A n = A. Now set 

fn(x)= Yl X-<«+>W-l, f(x) = ^ (S+S ' +2) -l- 

si+s' 3 £is n +S'„i s+s'efs+S'l 

Note that f n (x) and f(x) are decreasing functions on x and for any fixed x, {f n (x)}n 
increases to f(x). So A„, the unique solution of f n {x) — 0, converges to the unique 
solution of f(x) — 0. This means /(A) = and we are done. □ 

For a dynamical system (X, T), let p n be the number of periodic points in X 
having period n. When p n < oo, the zeta function Ct(£) is defined as 

(5.5) Cr(t)=exp 
Then by Taylor's formula, 

(5.6) — IogCr(t)|t=o = = {n- l)\p n . 
at n n 

Theorem 5.9. If C,(S,S')(X(S, S'j) = ( a{T ,T')(X(T, T')), then {S + S'}} = {T + 

T'}. When fS + S'j = {{T + T'}}, then h{X(S, S')) = h(X(T, T')). 

Proof. Let 1S , + S"J = \v\,V2, ■ • -J with < v i+ i, i > 1. For n = 1, v% = Si+s^ — 
h + t{ e {{T + T'J. Assume for any n < N, v n — t m + t' m , G {{T + T' J for some 
(t m , t' m ,) eT xT' and consider ujv = s no + s^, (s„ , s^) £ S x S'. 

By equality of zeta functions and (5.6), we have that for all i, pi(X(S, S')) — 
Pi(X(T, T')); in particular, 

(5.7) Pvn (X(S,S'))= Pvn (X(T,T')). 

Now if (s„ +<,) g {{T + T'}}, then (5.7) implies that s„ + <, = Er=i(V 
with p > 1 and (t„ r + i' , ) < vjy. But any periodic point of period n of X(5 I , 5") 
looks like 

(5.8) (i s 'u+i() ;ij i+ 1 l s ''2+i0 Sj2+1 • • • l s ''i+ 1 s ^+ 1 ) 00 
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where £*=i( s l +a jr +2) = n. Thus by our induction assumption, there is a one to 
one correspondence between those elements of 5 + S"J an d $T+T'~fy whose values 
are less than vn- As a result, we must have p Vff (X(S, S'j) > p VN (X(T, T'j) + 1 
which contradicts (5.7). □ 

A shift space X is called almost sofic if h(X) = sup{h(Y) : Y C X is a sofic 
subshift} [ , Definition 6.7]. 

Theorem 5.10. Every (S, S')-gap shift is almost sofic. 

Proof. If X(S, S') is sofic, the statement is obvious. Thus suppose X(S, S') is 
not sofic and for every k > 1, define S k = {sx, 82, Sfe} and S' k = {s[, s' 2 , s' k }. 
Then for all k, X(S k , S' k ) is a sofic subsystem of S') and {h(X(S k , ^))} fe >i 
is an increasing sequence. By (5.4), h(X(Sk, S' k )) /* h(X(S, S')) which implies 
X(S I , S") is almost sofic. □ 

A (S, <S")-gap shift is synchronized; so their nontrivial subshift factors are coded 
[5] and with positive entropy [12, Proposition 2.12]. Moreover, next theorem shows 
that every subshift factor of a (S, <S")-gap shift is intrinsically ergodic: there is a 
unique measure of maximal entropy. This fact was established for 5-gap shifts by 
Climenhaga and Thompson in [6], 

Theorem 5.11. (1) Every subshift factor of a (S, S')-gap shift is intrinsically 
ergodic. 

(2) If at least one of the S or S' is infinite and Y is a subshift factor of X(S, S 1 ), 
then either Y is nontrivial or Y = {a 00 }. 

Proof. (1). Let 

£1 = {0 fc l mi 0' 11 • • • i m »o n n l : rrn - 1 e S'; m - 1 e S, k,l g N}, 

C 2 = {l fe '0"'il m 'i0"'i • • • n «l m «0 r : m'j — 1 G S'; n'j - 1 G S, k, k', I' G N}. 

Then language of (S 1 , 5")-gap shift is C\ U £2- So a uniform CGC- decomposition 
for X(5, S") is given by 

g = {0"l m :n-leS,m-le S"}, 

C p = iQfc^fc ; fc > 0}, 

C s = {0\l l : I > 1}. 

Let (C p U C s )„ be the words in C p U C s of length n. Then |(C P U C s )„| = 2 for all 
n > 1 and so h(C p U C s ) = 0. Therefore, it follows that every subshift factor of a 
(5, S")-gap shift is intrinsically ergodic [6]. 

(2). In [(>], Climenhaga and Thompson proved that any shift with uniform CGC- 
decomposition, either has positive entropy or comprises a single periodic orbit and 
they also proved that a factor shift of a shift with uniform CGC-decomposition has 
uniform CGC-decomposition. Now suppose Y is a shift space over the alphabet 
A and let <fi : X(S, S') — >• Y be a factor code with memory m and anticipation n 
induced by the block map $ and suppose \S\ = 00. Then $(0 m+n+1 ) is a symbol 
in A, say a. Since \S\ — 00, the language of Y must contain a k for any k £ N. This 
means Y is either nontrivial or Y = {a°°}. □ 
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6. The Bowen-Franks Groups of (5, S")-gaps 

Let A be a n x n integer matrix. The Bowen-Franks group of A is 

BF(A) = Z n /Z n (Id - A), 

where Z n (Id — A) is the image of Z" under the matrix Id — A acting on the right. 
In order to compute the Bowen-Franks group, we will use the Smith form defined 
below for an integral matrix. Define the elementary operations over Z on integral 
matrices to be: 

(1) Exchanging two rows or two columns. 

(2) Multiplying a row or column by —1. 

(3) Adding an integer multiple of one row to another row, or of one column to 
another column. 

Every integral matrix can be transformed by a sequence of elementary operations 
over Z into a diagonal matrix 

(d x ••• 0\ 
d 2 •■■ 



••• 
\0 ••• dj 

where dj > and dj divides dj + \. This is called the Smith form of the matrix [15]. 
If we put Id — A into its Smith form, then 

BF(A) ~Z dl ffiZ d2 ©... ez dn . 

By our convention, each summand with dj = is Z, while summands with dj > 
are finite cyclic groups. Since Zi is the trivial group, the elementary divisors of 
BF{A) are the diagonal entries of the Smith form of Id — A which are not 1. 

Note that BF(A) (or denoted by BFo(A) in some papers) is the cokernel of 
Id — A acting on the row space Z™. The kernel is another Bowen-Franks group 
BFi(A) :— Ker(Id — A). Similarly, acting on the column space (Z ra )*, Id — A 
defines another two groups as cokernel and kernel, denoted by BF l (A) and BF[ (A) 
respectively. These four groups are called the BF-groups [9], 

Theorem 6.1. Let X(S, S') be a SFT shift. 

(1) Suppose \S\, \S'\ < oo. Then BF(A) ~ Z ( | S || S '|-i) a BF t (A). 

(2) Suppose \S\ < oo and \S'\ = oo. Then BF(A) ~ Z| S | ~ BF\A). 

(3) Suppose \S\, \S'\ = oo. Then BF(A) ~ Z 1 ~ BF t {A). 

(4) BF 1 (A) = BFt(A) = {0}. 

Proof. The adjacency matrix of the Fischer cover of X(S, S') is obtained in Sub- 
section 4.2. Then BFi(A) = BF[(A) — {0} is a consequence of the definition. 
Groups BF(A) and BF t (A) can be found by computing the Smith forms of Id — A 
and Id — A 1 respectively. □ 

Two subshifts arc flow equivalent if they have topologically equivalent suspension 
flows [11]. Franks in [ ] classified irreducible SFT's up to flow equivalent by showing 
that two nontrivial irreducible SFT's Xa and Xb are flow equivalent if and only if 
BF(A) ~ BF(B) and sgn(det(Id - A)) = sgn(det(Id - B)). 

Corollary 6.2. Suppose X(S, S') is a SFT shift. 
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(1) // \S\, \S'\ < oo, then X(S, S') is flow equivalent to full \S\\S'\-shift. 

(2) If \S\ < oo and \S'\ = oo, then X(S, S') is flow equivalent to full (\S\ + 1)- 
shift. 

(3) // \S\, \S'\ = oo, then X(S, S') is flow equivalent to full 2-shift. 

The Bowen- Franks groups for a RLL shift was announced in [2] . By above corol- 
lary, for an asymmetric-RLL X = X(di, k%, do, ko) constraint with the adjacency 
matrix A, BF(A) ~ %(ko-d +i)(k 1 -d 1 +i)-i — BF t (A) and X is flow equivalent to 
full (ko -d + l)(ki -di + l)-shift. 

7. The Conjugacy Problem for (S, S")-gap Shifts 

The conjugacy problem has been solved completely for S-gap shifts [ ]. Here, we 
give a general necessary condition and some sufficient conditions for special cases. 
The following result is a consequence of Theorem 5.9. 

Theorem 7.1. IfX(S, S') andX{T, T') are conjugate, then {{S+S"]} = fT+T'}. 

This is by no means a conjugacy. For instance let S — {1,2}, S' = 2No + 1, 
T = {1} and T" = {1, 2, • • • }. Then {{5 + S'} = {{T + T'}. By 5.4, h(X(S, S')) = 
h(X(T, T')). But X(S, S') is a strictly sofic shift while X(T, T') is a SFT shift, so 
they are not conjugate. 

Also, 

Cx(s,s>)(t) =(x(T,T')(t) = 7—7—74- 

Thus unlike 5-gap shifts [ , Corollary 4.2 ], the zeta function is not a complete 
invariant for conjugacy. 

Theorem 7.2. IffS+S'} = fT+T'}, thenX(S, S') andX(T, V) are conjugate 
in the following cases. 

(1) Si + s'j = U + tj for all i and j, 

(2) X(S, S') andX(T,T') are SFT and S+S' = IS+S'} = fT+T'} =T+ 
T' . In particular, they are conjugate to a S-gap shift X(S"), S" = S+S'+l. 

Proof. (1). Without loss of generality assume s{ > t[. Let n — s[ — t[ + 1 and 
define $ : B n (X(S, S')) -> {0, 1}, 

$(w) = { 1 W = 

[0 otherwise. 

Then 4> = ^ n ^ 1] : X(S, S') -> X(T, T') is a conjugacy map. In fact, what does 
is to replace l s ; +1 Si+1 l n with l ti+1 tj+1 . This is because the word l s i +1 contains 
(s^ + 1— (n — 1)) times the word l n ; the first starting from the first position of l s * +1 , 
the second from the second position and so forth. But + 1 — (n — 1) = s^ — s^+t^ + l 
and also by (1), 

si + s'i = h + si + si = t x + t' x . 

So — s[ + 1[ = t[. By the same reasoning, (n — 1) + Sj + 1 = t j + 1 and so we are 
done. 

(2). A conjugacy map can be set via a S-gap shift X(S") as follows. First define 
$:B 2 (X(S, S')) ->{0,1}, 

(7 1) $f ) — { ^ W = 

^ ' ' ^ ' [ otherwise. 
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Now let S" = S + S' + 1 and <j) : X(S, S') -> X(S") be the sliding block code 
with memory and anticipation 1 induced by <£>. Then <f> defines a conjugacy map. 
Also, X(T, T') and X(S") are conjugate with the same conjugacy map by letting 
$ : B 2 (X(T, T')) -> {0, 1} be defined as (7.1). □ 

Since fS + S'} = \S\\S'\ the following is immediate. 

Corollary 7.3. // {{S + S'} = {{T + T'} and |{{5 + S'}\ = p for a prime peN, 
then X(S, S') and X(T, T') are conjugate to the S-gap shift X(S + S' + 1) and so 
conjugate to each other. 

Which (5, 5")-gap shifts, as a generalization for the Run-length-limited (RLL) 
shifts, are conjugate to a given RLL shift? 

Although the problem of conjugacy for (S, S')-gap shifts has not been sorted 
out for general settings, but in most cases there are several (S, S')-g&p shifts which 
are conjugate to a given RLL shift. Let \S\ = p and \S'\ = p' . If X(S, S') and a 
RLL shift X(d, k) are conjugate, then by Theorem 7.1, 1[S + 5'J = {d — 1, d — 
2, . . . , k — 1}. So we have 

(7.2) d = si + si + 1, and = s p + 4' + 1 

where s%, s'i are minimum and s p , s', are maximum of the respective spaces. 

Now suppose d and k are the natural numbers such that k > d and k — d + 1 is 
not prime. Also set k — d + l= pxp',l<p<p'. Then RLL shift X(d, k) and 
X (S, S') are conjugate for some 

(7.3) S = {s%, s 2 , ■ ■ ■ , s p }, and S' = {s[, s' 2 , ■ ■ • , s' pl } 
satisfying (7.2) and 

s i+l — s i — P j S 'j+1 ~ S 'j ~ 1 

for 1 < i < p — 1 and 1 < j < p' — 1. The conjugacy follows from the case (2) of 
Theorem 7.2. So other (S, 5")-gap shifts conjugate to X(d, k) may be found when 
{{5 + S"}} equals {d - 1, d - 2, . . . , k - 1}. 

Corollary 7.4. (1) If X(S, S') and a RLL shift X(d, k) are conjugate, then 
S and S' are SFT with \S\ = p and \S \ = p for some p, p' € N and d and 
k satisfies (7.2). 

(2) Suppose X{d, k) is a RLL shift with k — d + 1 = p x p' , 1 < p < p' . Then 
X{d, k) and X(S, S') are conjugate for some S and S' as in (7.3). 

(3) Let p G N be a prime number and X(d, k) be a RLL shift with k — d+1 = p. 
Then X(d, k) is conjugate to a X(S, S'), with S = {s}, s < d — 1 and 
S' = {d — s — 1, d — s, . . . , k — s — 1}. 

Example 7.5. The RLL shift X(2, 9) and X(S, S') are conjugate for 

(1) S = {1, 5}, S' = {1, 2, 3,4}, 

(2) S= {1,2}, S' = {1,3, 5, 7}, 

(3) S={1, 3}, 5' = {1,2, 5, 6}. 

The first two are implied by Corollary 7.4(2) and the third where 5 and S' do not 
satisfy the conditions of S and 5" in 7.3 is a consequence of Theorem 7.2(2). 
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